Full Action for an Electromagnetic Field with Electrical and Magnetic
  Charges by Serova, S. S. & Serov, S. A.
ar
X
iv
:1
00
1.
28
96
v2
  [
ph
ys
ics
.ge
n-
ph
]  
25
 Se
p 2
01
0
Full Action for an Electromagnetic Field with Electrical and
Magnetic Charges
S. S. Serova
Physics Faculty, St. Petersburg State University, St. Petersburg, Russia
S. A. Serov∗
Russian Federal Nuclear Centre – All-Russian
Scientific Research Institute of Experimental Physics,
Institute of Theoretical and Mathematical Physics, Sarov, Russia
(Dated: February 7, 2018)
Abstract
The paper offers the full action for an electromagnetic field with electrical and magnetic charges;
it is marked, that it is hard to give an accurate formulation of Feynman laws for the calculation of
the interaction cross-sections for electrically and magnetically charged particles on the base of offerd
action within relativistic quantum field theory, simple partial case of a constant electromagnetic
field is considered.
PACS numbers: 14.80.Hv
Keywords: magnetic monopole
∗ serov@vniief.ru
1
I. INTRODUCTION
The papers [1], [2] by Dirac, in which the existence of magnetic charges was related
to quantization of electrical charges, were followed by intensively searching for magnetic
monopoles, however, the search has not yet led to success (see, for example, [3]). All the
attempts of such search were complicated by the lack of a satisfactory theoretical descrip-
tion of interactions between ordinary electrical and magnetic charges. Moreover, Rohrlich
in [4] stated the ”falsehood of variational principle for the full theory of . . . electrical and
magnetic point charges”. Later, Zwanziger in [5] proposed the full action including an ar-
bitrary constant 4-vector n, with the electromagnetic field propagator being dependent of
the arbitrary vector n; as a result, for a partial case of interaction between an electrical
charge and a magnetic charge, when the dependence is not reduced, we come to an absurd
result - the cross-section of interaction of the electrical and magnetic charges depends on
the arbitrary constant vector. If everything were valid in Zwanziger’s considerations, impos-
sibility of the existence of magnetic charges would follow (or implication that something is
wrong in relativistic quantum field theory). Hence, the full action construction for a system
of interacting electrical and magnetic charges (and clarification of the cause of “failure” in
efforts by Zwanziger) is the matter of principle.
The paper proposes the full action for an electromagnetic field with electrical and mag-
netic charges and mentions, in passing, that the expression for the Lagrangian of interaction
between electrical and magnetic charges and an external field, used in the paper by Zwanziger
[5] without discussions, is not correct.
We do not consider particles with both electrical and magnetic charges (compare with the
statement by Weinberg in [6] that “a magnetic monopole cannot bear a normal charge”).
The expressions below are written in Gaussian units. The denotations we use are close
to that used in [7] and [8], in particular, the coordinate indexes of vectors and tensors have
values from 0 to 3; a metrics is considered to be defined with diagonal metric tensor g: gik = 0
at i 6= k, g00 = 1, g11 = g22 = g33 = −1; the same upper and lower coordinate indexes
of four-dimensional tensors always imply summation; if some indexes are not coordinate
tensor indexes, the summation symbol is explicitly shown, if necessary; the four-dimensional
coordinate is xi = (ct, r), xi = (ct,−r), xixi = c2t2−r2, where c is the light speed constant,
t is time, r is three-dimensional radius-vector.
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II. MAGNETIC MONOPOLE IN CLASSIC FIELD THEORY
It would appear reasonable that the properties of magnetic charges and the electromag-
netic field generated by them would be similar to the properties of electrical charges and
the electromagnetic field generated by them: in particular, the force lines of the magnetic
field generated by magnetic charges start from/end in the magnetic charges, while the force
lines of the electrical field generated by currents of magnetic charges are closed, i.e. the
existence of magnetic charges, in a sense, restores symmetry between the magnetic and
electrical fields. Apparently, the equations describing the electromagnetic field generated
by magnetic charges (currents) should be similar to the equations describing the electro-
magnetic field generated by electrical charges (currents). At the same time, in view of the
topological difference between the electromagnetic field generated by magnetic charges and
the one generated by electrical charges they should be described separately in equations.
The electromagnetic field generated by the current density of electrical charges {ea} –
je,– can be described using the antisymmetric four-dimensional tensor of the second rank,
FAe , which can be represented via the four-dimensional vector potential, A
i
e ≡ (ϕe,Ae) in
the following form:
F ikAe ≡
∂Ake
∂xi
− ∂A
i
e
∂xk
= ∂iAke − ∂kAie. (1)
The relation between components of tensor FAe and components of (three-dimensional)
vectors of electrical field E and magnetic field H is described as
Eαe = −F 0αAe (α = 1, 2, 3) ; H1e = −F 23Ae , H2e = −F 31Ae , H3e = −F 12Ae (2)
or
F ikAe =


0 −E1e −E2e −E3e
E1e 0 −H3e H2e
E2e H
3
e 0 −H1e
E3e −H2e H1e 0


FAe ik =


0 E1e E
2
e E
3
e
−E1e 0 −H3e H2e
−E2e H3e 0 −H1e
−E3e −H2e H1e 0


. (3)
An ordinary Maxwell’s equation system describing an electromagnetic field (in vacuum)
generated by the current density of electrical charges, je can be written as
∂F ikAe
∂xl
+
∂F klAe
∂xi
+
∂F liAe
∂xk
= 0, (4a)
3
∂F ikAe
∂xk
= −4pi
c
jie. (4b)
Since the result of action of operator ∂
2
∂xi∂xk
(symmetric with respect to indexes i, k) on
antisymmetric tensor F ikAe (similar to any convolution of symmetric tensor with the antisym-
metric one) identically equals 0, the continuity equation describing the charge conservation
law follows from (4b):
∂jie
∂xi
= 0. (5)
In quantum field theory, equation (4b) is replaced, according to definition (1), by the
following equation:
− ∂k∂kAie + ∂k∂iAke ≡ Aie + ∂k∂iAke = −
4pi
c
jie. (6)
In the equation (4a) instead of tensor FAe pseudo-tensor
F ⋆ ikAe ≡
1
2!
eiklmFAe lm, (7)
dual to tensor FAe , may be used, where e
iklm is the absolutely antisymmetric, unit, four-
dimensional pseudo-tensor of the fourth rank with weight W = +1, which components
change their signs with permutation of any two indexes and
e0123 ≡ +1, (8)
by definition (pseudo-tensor eiklm has weight W = −1 and e0123 = −1). With x coordinate
system replaced by x¯ coordinate system (caused by changes in the basis of n-dimensional
vector space), components of pseudo-tensor T of weight W , which is r-times contra-variant
and s-times co-variant, are transformed according to the law (see, for example, [9]):
T¯ k1k2...kr
k′
1
k′
2
...k′s
≡ ∂x¯
k1
∂xi1
∂x¯k2
∂xi2
· · · ∂x¯
kr
∂xir
∂xi
′
1
∂x¯k
′
1
∂xi
′
2
∂x¯k
′
2
· · ·
∂xi
′
s
∂x¯k
′
s
T i1i2...ir
i′
1
i′
2
...i′s
JW . (9)
In contrast to the ordinary tensor’s component transformation, there is a factor in the form
of Jacobian of coordinate transformation
J =
∂ (x0, x1, . . . , xn−1)
∂ (x¯0, x¯1, . . . , x¯n−1)
|J | = √−g = 1 (10)
of power W in equation (9). By virtue of such factor components of tensor FAe and (dual
to them) components of pseudo-tensor F ⋆Ae, dual to FAe , are transformed in the same way
4
with coordinate system replacement. The weight of the product of two tensors equals the
summarized weight of tensors of each factor and convolution of each pair of indexes, con-
sisting of the identical upper and lower indexes, does not change the weight of tensor; all
pseudo-tensors considered in the paper have weight ±1; in particular, a magnetic charge
is a pseudo-scalar, see below, and, hence, we are not far from the fore-quoted Weinberg
statement.
The left-hand part of equation (4a) represents by itself a tensor of the third rank, which is
antisymmetric in all indexes. Having lowered indexes of this tensor, multiplied by emlik and
performed convolution with respect to three pairs of identical indexes, we obtain equation
∂F ⋆mlAe
∂xl
= 0. (11)
The relation between components of pseudo-tensor F ⋆Ae , which is dual to FAe, and compo-
nents of (three-dimensional) vectors of electrical field E and magnetic field H is described
as
Hαe = −F ⋆ 0αAe (α = 1, 2, 3) ; E1e = −F ⋆ 23Ae , E2e = −F ⋆ 31Ae , E3e = −F ⋆ 12Ae (12)
or
F ⋆ ikAe =


0 −H1e −H2e −H3e
H1e 0 −E3e E2e
H2e E
3
e 0 −E1e
H3e −E2e E1e 0


F ⋆Ae ik =


0 H1e H
2
e H
3
e
−H1e 0 −E3e E2e
−H2e E3e 0 −E1e
−H3e −E2e E1e 0


, (13)
i.e. in pseudo-tensor F ⋆Ae , as compared to tensor FAe , components of (three-dimensional)
vectors of the electrical and magnetic fields change places. So, it would appear reason-
able, that the electromagnetic field generated by the current density of magnetic charges
{µb} – jµ could be described using the antisymmetric four-dimensional pseudo-tensor of
the second rank, FBµ , which is structurally similar to pseudo-tensor F
⋆
Ae
and described via
four-dimensional pseudovector-potential Biµ ≡ (ψµ,Bµ) in the following way:
F ikBµ ≡
∂Bkµ
∂xi
− ∂B
i
µ
∂xk
= ∂iBkµ − ∂kBiµ. (14)
Then, instead of equations (4)-(6), (11), describing the electromagnetic field (in vac-
uum), generated by the current density of magnetic charges jµ, one could use the following
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equations:
∂F ikBµ
∂xl
+
∂F klBµ
∂xi
+
∂F liBµ
∂xk
= 0, (15a)
∂F ikBµ
∂xk
= −4pi
c
jiµ. (15b)
∂jiµ
∂xi
= 0, (16)
− ∂k∂kBiµ + ∂k∂iBkµ = Biµ + ∂k∂iBkµ = −
4pi
c
jiµ, (17)
∂F ⋆mlBµ
∂xl
= 0. (18)
To obtain a closed equation system, describing the electromagnetic field together with
electrical and magnetic charges, equations (4b) and (15b) must be complemented with mo-
tion equations for electrical charges
ma c
duia
ds
=
ea
c
(
F ikAe + F
⋆ ik
Bµ
)
ua k (19)
and magnetic charges
mb c
duib
ds
=
µb
c
(
F ⋆ ikAe + F
ik
Bµ
)
ub k. (20)
In equation (19), ma is the a-th electrical charge’s mass, ds =
√
dxidxi,
ua ≡ dx
i
a
ds
(21)
is the without size four-dimensional velocity of the a-th electrical charge. The same notations
are used in equation (20). In the right-hand parts of equations (19), (20) in parentheses the
electrical and magnetic fields, generated by electrical and magnetic charges, are summarized,
according to the superposition law.
Equations (19), (20), (4b), (15b) can be obtained, basing on the requirement of
δA = 0 (22)
for variation of the full action,
A =−
∑
a
∫
macds− 1
c2
∫ (
Aie + A
i
µ
)
je i d
4x− 1
16pic
∫
FAe ik F
ik
Ae
d4x
−
∑
b
∫
mbcds− 1
c2
∫ (
Biµ +B
i
e
)
jµ i d
4x− 1
16pic
∫
FBµ ik F
ik
Bµ
d4x, (23)
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if we vary trajectories of electrical charges, trajectories of magnetic charges, vector-potential
Ae and pseudovector-potential Bµ (compare, for example, with [7], §23 and §30). Integration
in the first and fourth terms in the right-hand part of equation (23) is performed with respect
to the world lines between two given events, in the rest terms integration is performed with
respect to four-dimensional volume; variations of functions are assumed to be equal zero
on the integration domain boundary. To vary trajectories of electrical charge ea, we use
the expression, describing the current density of this charge via the delta-function of three-
dimensional argument:
jiea = eaδ (r − ra)
dxi
dt
, (24)
a similar expression for the current density of a magnetic charge
jiµb = ebδ (r − rb)
dxi
dt
(25)
is used to vary the magnetic charge trajectories;
jie =
∑
a
jiea , j
i
µ =
∑
b
jiµb . (26)
Because of (15b) density of current jµ is a pseudo-vector and, in consequence of (25),
the magnetic charge should be a pseudo-scalar. According to (9), the sign of pseudo-scalar
depends on the chosen coordinate system (this can be immediate seen from the expression
for the force, acting on magnetic charge in magnetic field) and, hence, the pseudo-scalar
nature of magnetic charges can be considered as a proof of their existence impossibility(this
issue will be, possibly, discussed later together with quantization of charges). The pseudo-
scalar nature of magnetic charges, in a given case, is a direct result of using pseudo-tensor
FBµ to describe an electromagnetic field generated by magnetic charges, i.e. everything,
in the issue, depends on the transformation properties of electrical and magnetic fields
under extended Lorentz group, consisting of Lorentz transformations, spatial rotations and
inversions (changes of sign of basic vectors).
To take into account the effect on electrical charges of the electromagnetic field generated
by magnetic charges, some effective vector-potential Aµ (corresponding to the electromag-
netic field, generated by magnetic charges) is added to the four-dimensional vector potential
Ae in A and a similar term, Be is added to the pseudovector-potential, Bµ. Effective
potentials Aµ and Be are described by equations
∂iAkµ − ∂kAiµ ≡ F ikAµ = F ⋆ ikBµ =
1
2
eiklmFBµ lm, (27)
7
∂iBke − ∂kBie ≡ F ikBe = F ⋆ ikAe =
1
2
eiklmFAe lm. (28)
Using the effective potential, we replace in equations the external electromagnetic field
generated by magnetic (electrical) charges, which affects an electrical (magnetic) charge,
by the same electromagnetic field generated by fictitious electrical (magnetic) charges; the
necessary requirement for such replacement is that magnetic (electrical) charges jiµ (x) ≡ 0
[jie (x) ≡ 0, respectively] must be absent in the space-time region of interest. Because we
do not consider particles bearing both electrical and magnetic charges, this requirement is
always met locally, in the close vicinity of electrical (magnetic) charge. We use the variational
principle to derive Lagrange-Euler differential equations (i.e. we derive them locally), hence,
we may assume that the requirement above is met.
The introduction of effective potentials in some space-time region is possible for the con-
figurations of electrical E and magnetic H fields, which may be generated both by electrical
and magnetic charges, not present in the region of interest. Such configurations of elec-
tromagnetic field may be called free (independent of the type of charges) configurations.
Electromagnetic waves, by which means the interaction of charged particles is performed,
are examples of free configurations. If the necessary requirement is met, the force lines of
an external electromagnetic field within a quite small space-time region are close to recti-
linear, while the electromagnet field’s configurations close to rectilinear may be, apparently,
generated by currents of both electrical and magnetic charges, not present in the region of
interest, i.e. the configurations of any electromagnetic field in the space-time region with
no electrical and magnetic charges are locally free. Therefore, the effective potentials are
(locally) defined in a correct way.
According to the definition, effective vector-potential Aiµ depends on partial derivatives
∂lBmµ ; similarly, effective pseodovector-potential B
i
e depends on partial derivatives ∂
lAme .
Consideration of the dependence of Aiµ on partial derivatives ∂
lBmµ with a varying Bµ would
lead to the occurrence of a term linearly depending on the value of current density je in the
right-hand part of equation (15b) (for example, a partial case of a constant electromagnetic
field may be considered, in this case the effective vector-potential Aµ can be easily expressed
via tensor FBµ :
Aiµ = −
1
2
F ikAµxk = −
1
4
eiklmFBµ lmxk; (29)
however, in general case, the dependence of Aiµ on partial derivatives ∂
lBmµ is not trivial)
8
and a similar term would occur in the right-hand part of equation (4b). This contradicts
our initial assumption that the electromagnetic field generated by electrical charges and the
electromagnetic field generated by magnetic charges are described independently and, hence,
with varying potentials Ae and Bµ we should not vary the terms of full action, containing
the effective potentials. The source-containing terms of equations (4b), (15b) make no sense
to quantization of a free electromagnetic field in relativistic quantum field theory.
III. MAGNETIC MONOPOLE IN RELATIVISTIC QUANTUM FIELD THEORY
Since a distinction between action (23) and an ordinary action without magnetic charges
is not important, from viewpoint of relativistic quantum field theory, the Feynman rules
for the calculation of the interaction cross-sections for elementary particles interacting with
electrical or magnetic charges can be formulated by generalizing the known results of rela-
tivistic quantum field theory for an electromagnetic field without magnetic charges (see, for
example, [8], §24).
Operator S (S-matrix), which relates amplitudes of the initial Φ (−∞) and the final
Φ (∞) states:
Φ (∞) = SΦ (−∞) , (30)
– can be expressed via chronological exponent
S = T
{
exp
[
i
~
∫
LI (x)d
4x
]}
, (31)
where LI (x) is Lagrangian of interaction
LI (x) = − 1
c2
(
Ake + A
k
µ
)
je k − 1
c2
(
Bkµ +B
k
e
)
jµk (32)
and
jke =
∑
a
ceaψ¯aγ
kψa, j
k
µ =
∑
b
cµbψ¯bγ
kψb. (33)
For the charged particle propagator we have an ordinary expression in terms of function
Dc (x− y) for scalar particle of mass mn – compare with [8], (15.17), (22.9):
〈
T{ψn (x) ψ¯n (y)}
〉
= −i
(
iγk∂k +
mnc
~
)
Dc (x− y) . (34)
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Motion equations for free electromagnetic field [compare with (6), (17)]
Ake + ∂
k∂lA
l
e = 0 (35)
and
Bkµ + ∂
k∂lB
l
µ = 0 (36)
have the same form, that in the usual electrodynamics. Thus, having stipulated on the
potentials Ae and Bµ the Lorentz condition
∂kA
k
e ≡ 0, ∂kBkµ ≡ 0, (37)
usual expression for chronological coupling of operators of electromagnetic field, generated
by electrical charges, may be derived
〈
T{Ake (x)Ale (y)}
〉
= igklDc
0
(x− y) (38)
and analogical expression for chronological coupling of operators of electromagnetic field,
generated by magnetic charges,
〈
T{Bkµ (x)Blµ (y)}
〉
= igklDc0 (x− y) . (39)
Because only vector potential Ae enters in the equation (35), and only pseudovector-
potential Bµ enters in the equation(36), the chronological coupling of operators of these
potentials, expressed via Green function of motion equations, is equal zero
〈
T{Ake (x)Blµ (y)}
〉
= 0. (40)
Hence, as accordingly to (27), (28) the effective potential Aµ is a linear function of Bµ, and
the effective potential Be is a linear function of Ae, chronological couplings
〈
T{Ake (x)Alµ (y)}
〉
= 0, (41)
〈
T{Akµ (x)Ble (y)}
〉
= 0, (42)
〈
T{Bke (x)Blµ (y)}
〉
= 0 (43)
are also equal zero.
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In the partial case of a constant electromagnetic field, generated by magnetic charges,
when for Aµ expression (29):
Akµ = −
1
2
F klAµxl = −
1
4
eklmnFBµmnxl = −
1
4
eklmn
(
∂Bµn
∂xm
− ∂Bµm
∂xn
)
xl (44)
– may be used, the chronological coupling of operators Aµ and Bµ is equal
〈
T{Akµ (x)Bqµ (y)}
〉
= −1
4
eklmnxlδ
q
n
∂Dc
0
(x− y)
∂xm
+
1
4
eklmnxlδ
q
m
∂Dc0 (x− y)
∂xn
=
1
2
eklqmxl
∂Dc
0
(x− y)
∂xm
. (45)
Similarly, for a constant electromagnetic field, generated by electrical charges,
〈
T{Ake (x)Bqe (y)}
〉
= −1
2
eklqmyl
∂Dc
0
(x− y)
∂ym
. (46)
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1
I. INTRODUCTION
The papers [1], [2] by Dirac, in which the existence of magnetic charges was related
to quantization of electrical charges, were followed by intensively searching for magnetic
monopoles, however, the search has not yet led to success (see, for example, [3]). All the
attempts of such search were complicated by the lack of a satisfactory theoretical description
of interactions between ordinary electrical and magnetic charges. Moreover, Rohrlich in [4]
stated the ”falsehood of variational principle for the full theory of . . . electrical and magnetic
point charges”. Later, Zwanziger in [5] proposed the full action, including an arbitrary
constant 4-vector n, with the electromagnetic field propagator being dependent of arbitrary
vector n; as a result, the cross-section of the interaction of an elementary particle with
magnetic charge and an elementary particle with electrical charge proves to be dependent
of the arbitrary vector n (terms in the interaction cross-section, containing arbitrary vector
n, can vanish only for interactions of particles with same type of charge).
For the description of the electromagnetic field with electrical and magnetic charges below
we use two four-dimensional vector potentials Ae and Bg. Apparently, for the first time two
four-dimensional vector potentials were used for the description of the electromagnetic field
with electrical and magnetic charges in the Cabibbo and Ferrari article [6] – see, for example,
Singleton review [7]. While there is not enough information, we are inclined to suppose, that
quantums of the Ae-field and the Bg-field are the same. Another possibility is discussed in
works [8], [9].
In this paper we propose the full action for an electromagnetic field with electrical and
magnetic charges. Particles with both electrical and magnetic charges are not considered
(compare with the statement by Weinberg in [10], that “a magnetic monopole cannot bear
a normal charge”). Offered full action does not contain arbitrary constant 4-vector n. We
formulate Feynman laws for the calculation of the interaction cross-sections for electrically
and magnetically charged particles on the base of offered action within relativistic quantum
field theory. It is shown, that derived with formulated Feynman rules cross-section of the
interaction between an elementary particle with magnetic charge and an elementary particle
with electrical charge is equal zero. Possibly, this explains the failure of the search of
magnetic monopoles with ordinary elementary particle detectors.
The expressions below are written in Gaussian units; used denotations are close to that
2
in [11] and [12]; in particular, coordinate indices of four-dimensional vectors and tensors are
denoted by latin letters and have values from 0 to 3; a metrics is considered to be defined
with diagonal metric tensor: gik = 0 at i 6= k, g00 = 1, g11 = g22 = g33 = −1; the same
upper and lower coordinate indices of four-dimensional tensors always imply summation; if
some indices are not coordinate tensor indices, the summation symbol is explicitly shown,
if necessary; the four-dimensional coordinate is xi = (ct, r), xi = (ct,−r), xixi = c2t2 − r2,
where c is the light speed constant, t is time, r is three-dimensional radius-vector.
II. MAGNETIC MONOPOLE IN CLASSIC FIELD THEORY
It would appear reasonable that the properties of magnetic charges and the electromag-
netic field generated by them would be similar to the properties of electrical charges and
the electromagnetic field generated by them: in particular, the force lines of the magnetic
field, generated by magnetic charges, start from/end in the magnetic charges, while the
force lines of the electrical field generated by currents of magnetic charges are closed, i.e.
the existence of magnetic charges, in a sense, restores symmetry between the magnetic and
electrical fields. Apparently, the equations describing the electromagnetic field generated
by magnetic charges (currents) should be similar to the equations describing the electro-
magnetic field generated by electrical charges (currents). At the same time, in view of the
topological difference between the electromagnetic field generated by magnetic charges and
the one generated by electrical charges they should be described separately in equations.
The electromagnetic field, generated by the current density of electrical charges {ea} –
je,– can be described using the antisymmetric four-dimensional tensor of the second rank
FAe , which can be represented via the four-dimensional vector potential, A
i
e
def
= (ϕe,Ae) in
the following form:
F ikAe
def
=
∂Ake
∂xi
− ∂A
i
e
∂xk
= ∂iAke − ∂kAie. (1)
The relation between components of tensor FAe and components of (three-dimensional)
vectors of electrical field E and magnetic field H is described as
Eαe = −F 0αAe (α = 1, 2, 3) ; H1e = −F 23Ae , H2e = −F 31Ae , H3e = −F 12Ae (2)
3
or
F ikAe =


0 −E1e −E2e −E3e
E1e 0 −H3e H2e
E2e H
3
e 0 −H1e
E3e −H2e H1e 0

 FAe ik =


0 E1e E
2
e E
3
e
−E1e 0 −H3e H2e
−E2e H3e 0 −H1e
−E3e −H2e H1e 0

 . (3)
The ordinary Maxwell’s equation system, describing an electromagnetic field (in vacuum),
generated by the current density of electrical charges je, can be written as
∂F ikAe
∂xl
+
∂F klAe
∂xi
+
∂F liAe
∂xk
= 0, (4a)
∂F ikAe
∂xk
= −4pi
c
jie. (4b)
Since the result of action of operator ∂
2
∂xi∂xk
(symmetric with respect to indices i, k) on
antisymmetric tensor F ikAe (similar to any convolution of symmetric tensor with the antisym-
metric one) identically equals zero, the continuity equation describing the charge conserva-
tion law follows from (4b):
∂jie
∂xi
= 0. (5)
In quantum field theory, equation (4b) is replaced, according to definition (1), by the
following equation:
− ∂k∂kAie + ∂k∂iAke def= Aie + ∂k∂iAke = −
4pi
c
jie. (6)
In the equation (4a) instead of tensor FAe pseudo-tensor
F ⋆ ikAe
def
=
1
2!
eiklmFAe lm, (7)
dual to tensor FAe , may be used, where e
iklm is the absolutely antisymmetric, unit, four-
dimensional pseudo-tensor of the fourth rank with weight W = +1, which components
change their signs with permutation of any two indices and
e0123
def
= + 1, (8)
by definition (pseudo-tensor eiklm has weight W = −1 and e0123 = −1). With x coordinate
system replaced by x¯ coordinate system (caused by changes in the basis of n-dimensional
4
vector space), components of pseudo-tensor T of weight W , which is r-times contra-variant
and s-times co-variant, are transformed according to the law (see, for example, [13]):
T¯ k1k2...kr
k′
1
k′
2
...k′s
def
=
∂x¯k1
∂xi1
∂x¯k2
∂xi2
· · · ∂x¯
kr
∂xir
∂xi
′
1
∂x¯k
′
1
∂xi
′
2
∂x¯k
′
2
· · ·
∂xi
′
s
∂x¯k
′
s
T i1i2...ir
i′
1
i′
2
...i′s
JW . (9)
In contrast to the ordinary tensor’s component transformation, there is a factor in the form
of Jacobian of coordinate transformation
J =
∂ (x0, x1, . . . , xn−1)
∂ (x¯0, x¯1, . . . , x¯n−1)
|J | =
√
− det (gik) = 1 (10)
of powerW in equation (9). The weight of the product of two tensors equals the summarized
weight of tensors of each factor and convolution of each pair of indices, consisting of the
identical upper and lower indices, does not change the weight of tensor; all pseudo-tensors
considered in the paper have weight ±1; in particular, a magnetic charge is a pseudo-scalar,
see below, and, hence, we are not far from the fore-quoted Weinberg statement.
The left-hand part of equation (4a) represents by itself a tensor of the third rank, which
is antisymmetric in all indices. Having lowered indices of this tensor, multiplied by emlik and
performed convolution with respect to three pairs of identical indices, we obtain equation
∂F ⋆mlAe
∂xl
= 0. (11)
The relation between components of pseudo-tensor F ⋆Ae , which is dual to FAe, and compo-
nents of (three-dimensional) vectors of electrical field E and magnetic field H is described
as
Hαe = −F ⋆ 0αAe (α = 1, 2, 3) ; E1e = −F ⋆ 23Ae , E2e = −F ⋆ 31Ae , E3e = −F ⋆ 12Ae (12)
or
F ⋆ ikAe =


0 −H1e −H2e −H3e
H1e 0 −E3e E2e
H2e E
3
e 0 −E1e
H3e −E2e E1e 0

 F
⋆
Ae ik
=


0 H1e H
2
e H
3
e
−H1e 0 −E3e E2e
−H2e E3e 0 −E1e
−H3e −E2e E1e 0

 , (13)
i.e. in pseudo-tensor F ⋆Ae , as compared to tensor FAe , components of (three-dimensional)
vectors of the electrical and magnetic fields change places. So, it would appear reason-
able, that the electromagnetic field generated by the current density of magnetic charges
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{gb} – jg could be described using the antisymmetric four-dimensional pseudo-tensor of
the second rank, FBg , which is structurally similar to pseudo-tensor F
⋆
Ae
and described via
four-dimensional pseudovector-potential Big
def
= (ψg,Bg) in the following way:
F ikBg
def
=
∂Bkg
∂xi
− ∂B
i
g
∂xk
= ∂iBkg − ∂kBig. (14)
Then, instead of equations (4)-(6), (11), to describe the electromagnetic field (in vac-
uum), generated by the current density of magnetic charges jg, one could use the following
equations:
∂F ikBg
∂xl
+
∂F klBg
∂xi
+
∂F liBg
∂xk
= 0, (15a)
∂F ikBg
∂xk
= −4pi
c
jig. (15b)
∂jig
∂xi
= 0, (16)
− ∂k∂kBig + ∂k∂iBkg = Big + ∂k∂iBkg = −
4pi
c
jig, (17)
∂F ⋆mlBg
∂xl
= 0. (18)
To obtain a closed equation system, describing the electromagnetic field together with
electrical and magnetic charges, equations (4b) and (15b) must be complemented with mo-
tion equations for electrical charges
ma c
duia
ds
=
ea
c
(
F ikAe + F
⋆ ik
Bg
)
ua k (19)
and magnetic charges
mb c
duib
ds
=
gb
c
(
F ⋆ ikAe + F
ik
Bg
)
ub k. (20)
In equation (19), ma is the a-th electrical charge’s mass, ds =
√
dxidxi,
uia
def
=
dxia
ds
(21)
is the dimensionless four-dimensional velocity of the a-th electrical charge. The same nota-
tions are used in equation (20). In the right-hand parts of equations (19), (20) in parentheses
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the electrical and magnetic fields, generated by electrical and magnetic charges, are summa-
rized, according to the superposition law.
Equations (19), (20), (4b), (15b) can be obtained, basing on the requirement of
δA = 0 (22)
for variation of the full action
A =−
∑
a
∫
macds− 1
c2
∫ (
Aie + A
i
g
)
je i d
4x− 1
16pic
∫
FAe ik F
ik
Ae
d 4x
−
∑
b
∫
mbcds− 1
c2
∫ (
Big +B
i
e
)
jg i d
4x− 1
16pic
∫
FBg ik F
ik
Bg
d 4x, (23)
if we vary trajectories of electrical charges, trajectories of magnetic charges, vector-potential
Ae and pseudovector-potential Bg. Integration in first and fourth terms in the right-hand
part of equation (23) is performed with respect to the world lines between two given events,
in the rest terms integration is performed with respect to four-dimensional volume; variations
of functions are assumed to be equal zero on the integration domain boundary. Instead of
the sum of third and sixth terms in the right-hand part of equation (23) expression
− 1
16pic
∫ (
FAe ik + F
⋆
Bg ik
)(
F ikAe + F
⋆ ik
Bg
)
d 4x, (24)
may be used, as variations of products FAe ikF
⋆ ik
Bg
and F ⋆Bg ikF
ik
Ae
are equal zero because of
(11) and (18). To vary trajectories of electrical charge ea, we use the expression, describing
the current density of this charge via the delta-function of three-dimensional argument:
jiea = eaδ (r − ra)
dxi
dt
, (25)
a similar expression for the current density of a magnetic charge
jigb = ebδ (r − rb)
dxi
dt
(26)
is used to vary the magnetic charge trajectories;
jie =
∑
a
jiea , j
i
g =
∑
b
jigb . (27)
Because of (15b) density of current jg is a pseudo-vector and, in consequence of (26),
the magnetic charge should be a pseudo-scalar. According to (9), the sign of pseudo-scalar
depends on the chosen coordinate system (this can be immediate seen from the expression
for the force, acting on magnetic charge in magnetic field) and, hence, the pseudo-scalar
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nature of magnetic charges can be considered as a proof of their existence impossibility
(this issue will be, possibly, discussed later together with quantization of charges). The
pseudo-scalar nature of magnetic charges, in a given case, is a direct result of transformation
properties of electrical and magnetic fields under extended Lorentz group, consisting of
Lorentz transformations, spatial rotations and inversions (changes of sign of basic vectors).
To take into account the effect on electrical charges of the electromagnetic field, generated
by magnetic charges, some effective vector-potential Ag (corresponding to the electromag-
netic field, generated by magnetic charges) is added to the four-dimensional vector potential
Ae in A and a similar term Be is added to the pseudovector-potential Bg. Effective poten-
tials Ag and Be are described by equations
∂iAkg − ∂kAig def= F ikAg = F ⋆ ikBg =
1
2
eiklmFBg lm, (28)
∂iBke − ∂kBie def= F ikBe = F ⋆ ikAe =
1
2
eiklmFAe lm. (29)
Using the effective potential, we replace in equations the external electromagnetic field,
generated by magnetic (electrical) charges, which affects an electrical (magnetic) charge,
by the same electromagnetic field, generated by fictitious electrical (magnetic) charges; the
requirement for such replacement is that magnetic (electrical) charges must be absent in
the space-time region of interest [electromagnetic field must not have singularities due to
magnetic (electrical) charges]:
jig (x) ≡ 0 (30)
or
jie (x) ≡ 0, (31)
respectively. Because we do not consider particles bearing both electrical and magnetic
charges, this requirement is always met locally, in the close vicinity of electrical (magnetic)
charge. As we use the variational principle to derive Lagrange-Euler differential equations,
i.e. locally, we may assume, that these requirements are met. If requirement (30) is met,
external derivation of antisymmetric four-dimensional tensor of the second rank F ikAg
∂F ikAg
∂xl
+
∂F klAg
∂xi
+
∂F liAg
∂xk
, (32)
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written in the form [compare with (4a), (11)]
∂F ⋆mlAg
∂xl
=
∂FmlBg
∂xl
= 0, (33)
equals (identically) zero by virtue of (15b) and (28), and it is possible to write explicit
expression for effective potential Ag, using Poincare´ Lemma (see, for example, [14] or [15]):
Akg (x) =
1∫
0
ζF ikAg (ζx)xi dζ =
1
2
1∫
0
ζeiklmFBg lm (ζx) xi dζ. (34)
Analogous expression for effective potential Be
Bke (x) =
1∫
0
ζF ikBe (ζx) xi dζ =
1
2
1∫
0
ζeiklmFAe lm (ζx)xi dζ (35)
may be written, if requirement (31) is met. We might do not introduce effective potentials
Ag and Be, but simply use expressions (34) and (35) in the expression for the full action
(23); i.e. the action (23) is ordinary normal action – compare with the Rohrlich statement
upper.
According to the definition, effective vector-potential Aig depends on partial derivatives
∂lBmg ; similarly, effective pseodovector-potential B
i
e depends on partial derivatives ∂
lAme .
Consideration of the dependence of Aig on partial derivatives ∂
lBmg with a varying Bg would
lead to the occurrence of a term, linearly depending on the value of current density je, in
the right-hand part of equation (15b), and a similar term, linearly depending on the value
of current density jg, would occur in the right-hand part of equation (4b). This contradicts
our initial assumption that the electromagnetic field generated by electrical charges and the
electromagnetic field generated by magnetic charges are described independently and, hence,
with varying potentials Ae and Bg we should not vary the terms of full action, containing
the effective potentials. In any case, the source-containing terms of equations (4b), (15b)
make no sense to quantization of a free electromagnetic field in relativistic quantum field
theory.
III. MAGNETIC MONOPOLE IN RELATIVISTIC QUANTUM FIELD THEORY
Since a distinction between action (23) and an ordinary action without magnetic charges
is not important from viewpoint of relativistic quantum field theory, the Feynman rules for
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the calculation of the interaction cross-sections for elementary particles with electrical or
magnetic charges can be formulated by generalization of known results of relativistic quan-
tum field theory for an electromagnetic field without magnetic charges – see, for example,
[12], § 24 or [16], § 77.
Operator S (S-matrix), which relates amplitudes of the initial Φ (−∞) and the final
Φ (∞) states:
Φ (∞) = SΦ (−∞) , (36)
– can be expressed via chronological exponent
S = T
{
exp
[
i
~
∫
LI (x)d
4x
]}
, (37)
where LI (x) is lagrangian of interaction
LI (x) = − 1
c2
(
Ake + A
k
g
)
je k − 1
c2
(
Bkg +B
k
e
)
jg k (38)
and
jke =
∑
a
ceaψ¯aγ
kψa, j
k
g =
∑
b
cgbψ¯bγ
kψb. (39)
For propagator of fermions with magnetic charge we have the usual expression in terms
of causal function Dc (x− y) for scalar particle of mass mb – compare with [12], (15.17),
(22.9):
〈
T
{
ψb (x) ψ¯b (y)
}〉
= −i
(
iγk∂k +
mbc
~
)
Dc (x− y) . (40)
Motion equations for free electromagnetic field [compare with (6), (17)]
Ake + ∂
k∂lA
l
e = 0 (41)
and
Bkg + ∂
k∂lB
l
g = 0 (42)
have the same form, that in the usual electrodynamics. Thus, the usual expression for
chronological coupling of operators of electromagnetic field, generated by electrical charges,
may be derived (in the Feynman gauge)
〈
T
{
Ake (x)A
l
e (y)
}〉
= i4pigklDc
0
(x− y) , (43)
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and analogical expression may be derived for chronological coupling of operators of electro-
magnetic field, generated by magnetic charges,
〈
T
{
Bkg (x)B
l
g (y)
}〉
= i4pigklDc0 (x− y) . (44)
Because only vector potential Ae enters in the equation (41), and only pseudovector-
potential Bg enters in the equation (42), the chronological coupling of operators of these
potentials, expressed via Green function of motion equations, is equal zero
〈
T
{
Ake (x)B
l
g (y)
}〉
= 0. (45)
Hence, as accordingly to (28), (29) the effective potential Ag is a linear function of Bg, and
the effective potential Be is a linear function of Ae, chronological couplings
〈
T
{
Ake (x)A
l
g (y)
}〉
= 0, (46)
〈
T
{
Akg (x)B
l
e (y)
}〉
= 0, (47)
〈
T
{
Bke (x)B
l
g (y)
}〉
= 0 (48)
are also equal zero.
Using expression (34) for Ag (x), we obtain for the chronological coupling of operators
Ag (0) and Bg (y):
〈
T
{
Akg (x)B
q
g (y)
}〉∣∣
x=0
=
〈
T



eklmnxl
1∫
0
ζ
∂Bg m (ζx)
∂xn
dζ

Bqg (y)


〉∣∣∣∣∣∣
x=0
= 0. (49)
By virtue of the homogeneity of the space-time and the arbitrariness of y in (49) we can
conclude, that
〈
T
{
Akg (x)B
q
g (y)
}〉 ≡ 0. (50)
Similarly, for electromagnetic field, generated by electrical charges,
〈
T
{
Ake (x)B
q
e (y)
}〉 ≡ 0. (51)
Element of the S-matrix, corresponding to the interaction of elementary particle with
magnetic charge and elementary particle with electrical charge, is a sum of terms, propor-
tional to the chronological coupling (50) or (51), and so it proves to be equal zero; therefore,
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interaction cross-section of an elementary particle with magnetic charge and an elementary
particle with electrical charge is equal zero. For the magnetic monopoles search one may try
to use detectors of weak magnetic field instead of ordinary detectors of elementary particles,
based on the interaction of moving (electrically) charged particles with detector’s electrical
charges.
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